This paper addresses a lot-sizing and scheduling problem variant arising from the study of the curing process of a tire factory. The aim is to find the minimum makespan needed for producing enough tires to meet the demand requirements on time, considering the availability and compatibility of different resources involved. To solve this problem, we suggest a hybrid approach that consists in first applying a heuristic to obtain an estimated value of the makespan and then solving a mathematical model to determine the minimum value. We note that the size of the model (number of variables and constraints) depends significantly on the estimated makespan. Extensive numerical experiments over different instances based on real data are presented to evaluate the effectiveness of the hybrid procedure proposed. From the results obtained we can note that the hybrid approach is able to achieve the optimal makespan for many of the instances, even large ones, since the results provided by the heuristic allow to reduce significantly the size of the mathematical model.
Introduction
The tire manufacturing process is usually decomposed into three steps: materials mixing, tire building and tire curing or vulcanization. In the first step, different materials such as natural or synthetic rubber, carbon black, sulfur, oils and other chemicals are mixed to prepare the rubber sheets. Then, the rubber sheets along with fabric and wires are used to build the uncured or green tires. Finally, in the tire curing step, the green tires are placed into curing machines known as heaters, to apply the needed levels of heat and pressure to give the tires the required functional characteristics. Molds are used in the heaters to give the tires their shape and tread pattern. The curing process has a large impact in the manufacturing efficiency, as it employs expensive equipment and consumes a large amount of energy. Adequately planning the tire curing process to meet the demand requirements on time is in general a complex task. It is necessary to consider the number of available heaters and molds as well as the mold-mold and mold-heater allowed combinations. In addition, mold configuration and tire curing times must be considered in the planning process.
Particular cases of tire curing scheduling problems are studied in the seminal works of Gorenstein [1970] and Lasdon and Terjung [1971] . More recently, Degraeve and Schrage [1997] address the tire curing scheduling problem for the tire manufacturer Bridgestone/Firestone Off-The-Road, in which the tires have different priority and the number of compatible molds that can be stacked into one heater is limited. A column generation based procedure is proposed for solving the problem. Later, in Degraeve and Schrage [1998] a scheduling software for this problem is presented. Jans and Degraeve [2004] also consider the column generation approach for the tire curing scheduling problem of the Solideal manufacturer. The problem is modeled as an extension of the general Discrete Lot-Sizing and Scheduling Problem (DLSP) that involves start-up times, mold-heater compatibility, capacity constraints and backlogging. The objective is to determine the tire curing plan that minimizes the sum of the costs involved. For details about the DLSP we refer the readers to Fleischmann [1990] , Salomon et al. [1991] and Brüggemann and Jahnke [2000] and to Copil et al. [2017] for a recent survey. Several works consider the two-stage production system of building and curing of tires. Tabucanon and Petchratanaporn [1991] tackle both problems separately, considering first the minimization of the production costs of the green tires and then the curing scheduling problem of them. Kuiteing et al. [2006] and formulate the integrated problem of building and curing tires as a Flow Shop Scheduling Problem (FSSP) considering a single batching machine and task compatibilities, with the objective of minimizing the makespan. Three different heuristic procedures along with a simple lower bound procedure are suggested and evaluated for the problem. Bellanger and Oulamara [2009] extend the two works mentioned above by considering multiple machines at each stage. A Polynomial Time Approximation Scheme (PTAS) algorithm is suggested for the particular case in which tasks have the same processing time on the first stage. Safari et al. [2017] also consider the integrated problem of building and curing tires by means of a Hybrid Flow-Shop Scheduling Problem (HFS) model with resource constraints. The procedure proposed for solving the problem is based on hybridizing the Genetic Algorithms (GA) and Variable Neighborhood Search (VNS) metaheuristics. For details about the FSSP we refer to Johnson [1954] and Graham et al. [1979] . We also refer to Brucker et al. [2007] and Ribas et al. [2010] for recent surveys on FSSP and HFS, respectively. Mukhopadhyay and Shanker [2005] and Karabıçak et al. [2017] study the implementation in the production line of a tire manufacturer of the Kanban and Kaizen systems, respectively. Yu et al. [2011 Yu et al. [ , 2012 Yu et al. [ , 2013 provide heuristic procedures and simulation analysis for tire curing scheduling problems under particular specifications. Arslankaya and Ç alık [2016] study the production process of trial tires by means of simulation tech-niques aiming to improve the productivity of a tire manufacturer. Finally, Kim et al. [2017] consider the integrated problem of materials mixing and building of tires. A Particle Swarm Optimization (PSO) based procedure is suggested for solving the problem.
The problem tackled in this paper has been defined to model the tire curing process at FunsaCoop (http://funsa.uy), an Uruguayan tire manufacturer. FunsaCoop is a cooperative organization producing tires for both the internal market and for exportation to other countries in the region. Some characteristics of FunsaCoop tire curing process include mold setup and removal times, shared parts among molds, and heaters holding up to two molds simultaneously. While these features are usual in real life situations in a tire factory (not just at FunsaCoop), as far as we know they have not been modelled in detail in the existing literature.
In a previous work [Cancela et al., 2018] , we introduced a Mixed Integer Linear Programming (MILP) formulation for the tire curing problem at Fun-saCoop. That model was employed for solving small instances but it was not suitable for finding exact solutions for larger instances, as the MILP solver run out of time or out of memory before finishing. These results motivated the study of other solution approaches. In the current paper, we suggest an hybrid approach, consisting in two phases: in the first phase a heuristic solution procedure is used to determine a feasible solution of good quality; in the second phase, the makespan of this solution is used as a planning horizon parameter to instantiate a MILP formulation, which is then tackled using a solver. This hybrid optimization procedure is evaluated over scenarios comprising instances of different sizes generated from real data given by FunsaCoop.
The remainder of the paper is organized as follows. In Section 2 we present the description of the tire curing problem under study and a MILP formulation. In Section 3 we describe the hybrid approach proposed for solving the problem. Section 4 provides the computational results obtained by applying the different solving approaches to a number of test scenarios inspired from real data. Section 5 presents the general conclusions of the paper and possible directions for future work.
Problem formulation
As mentioned before, FunsaCoop manufactures different type of tires for the regional market. The production is pulled by the demand requirements, which are known in advance and must be satisfied within a given time horizon. Thus, the production of tires at FunsaCoop can be classified as a make-to-order production system.
The study presented in this paper focuses on the scheduling of the curing process. The heaters are set up with the molds corresponding to the type of tires to be produced. Every heater can hold up to two molds at once. Some molds are composed by special parts also known as molars. Parts can not be shared while they are in use, and their number is limited. During the curing process, the green tires are exposed to high pressures and temperatures in order to acquire their final characteristics. As the curing time depends on the tire type, the pair of molds within a heater must be either identical, or belonging to a set of compatible molds for tires having similar curing times. In addition to the molds compatibility, only some combinations between molds and heaters are allowed. Therefore, the number of different tires of the same type that can be processed simultaneously is limited, since it depends on the number of available heaters, molds and parts. The workers perform a number of tasks when molds are swapped in a heater, such as placement, cleanup, machinery warming and removal. The times of these tasks define the setup and removal times, which reduce the duration of a working period when they are carried out.
In FunsaCoop the heaters are powered by a steam boiler, which is the most expensive operative component of the company. The survey at FunsaCoop allowed to determine that makespan minimization is the most suitable objective function for the tire curing scheduling problem under study. In addition to the reduction of production and operative costs in terms of the steam boiler, makespan minimization decreases the CO 2 emissions and improves the delivery times in a make-to-order setting. In order to determine high quality solutions in terms of makespan, it is necessary to balance the trade-off between curing and configuration times. The curing times are reduced if there are as many molds as possible processed in parallel. On the other hand, to reduce the setup and removal times it is necessary to reduce as much as possible the number of mold changes in the heaters.
All the aforementioned characteristics of the tire curing scheduling problem at FunsaCoop were considered in order to develop the mathematical formulation presented below. The model, which can be considered as a variant of the DLSP, is a revised version of an initial MILP formulation introduced in Cancela et al. rq iq = Binary parameter that indicates if mold i requires part q. init ik = Initial quantity of molds i used in heater k, with init ik ∈ {0, 1, 2}.
Auxiliary sets:
Compatible pairs of molds (i, j) that can be processed in heater k.
Extended set T including the empty mold.
Variables:
x ikt = Number of molds i used in heater k during period t, with x ikt ∈ {0, 1, 2}. y ikt = Number of setups of mold i in heater k during period t with y ikt ∈ {0, 1, 2}. y ′ lkt = Number of molds l used in last period and which must be removed at heater k at period t, with y ′ lkt ∈ {0, 1, 2}. z ijkt = Binary variable that indicates if molds i and j are used in heater k during period t.
w t = Binary variable that indicates if at period t there exists some heater in use. u ijkt = Number of tires cured using mold i when assigned jointly with mold j in heater k during period t.
prd it = Number of tires cured using mold i during period t.
The formulation is then as follows: min
i∈P Cq
The objective function (1) minimizes the makespan. As noted before, the delivery time and the most relevant production costs are minimized when makespan is minimized. Constraints (2) and (3) are formulated to avoid solutions with empty intermediate periods. Constraints (4) correspond to the capacity of each heater (at most two molds). Constraints (5) -(8) correspond to the production capacity of each heater during a period t, taking into account curing and configuration times. Constraints (9) state the production amount for each type of tire and constraints (10) ensure that the demands are satisfied. Constraints (11) relate the number of molds used in period t and heater k to the z assignment variables. Constraints (12) and (13) correspond to the number of molds and parts available. Constraints (14) define which molds are already present at the heaters in the first period. Constraints (15) and (16) correspond to the number of mold i setups and removals in period t and heater k. Last, constraints (17) -(21) define the domains of the variables.
Solution approaches
For small instances it is possible to directly employ the MILP formulation given in the previous section and use a commercial solver for finding an optimal solution of the problem. It is relevant to note that model (1) -(21) has O(M 2 × H × THB) integer variables and O((M 2 × H + Q) × THB) constraints. Therefore, the THB value has a significant impact on the size of the model. Results from Cancela et al. [2018] show that when THB is large, solution times grow and the solvers can not reach optimality and sometimes not even a feasible solution. On the other hand, if THB is too low, there may not exist a feasible solution to the problem.
The following formula allows to determine a THB value that guarantees feasibility:
Formula (22) corresponds to the makespan value for producing sequentially all the tires in a single heater. Two sets of tires are considered: X for those tires for which there are at least two identical molds and no parts are required, and Y for tires with only one existing mold or requiring parts.
We note that the THB of (22) can be much larger than the optimal makespan of a real situation in which there is more than one heater. Below we describe a heuristic procedure suggested for obtaining a feasible tight value for the THB value, which when substituted in the MILP formulation above discussed allows to reduce its size and therefore the solving time required.
Heuristic procedure
The heuristic procedure consists of a constructive phase and an improvement phase, embedded in an iterative search for producing new solutions for the problem. From all the solutions constructed, the one with the lowest makespan value is returned. We present below the main ideas of the procedure. For the readers interested in the details of the heuristic a pseudocode is provided in A.
In the first step of the constructive phase, a set of pairs of molds is randomly determined, considering the available number of molds and shared parts between them as well as the combinations allowed. The production quantity of each pair of molds is also determined considering the demand requirements for each type of tire. The second step of the constructive phase builds a feasible solution for the problem by assigning pairs of molds to heaters, taking into account processing and configuration times as well as heaters availability.
The improvement phase attempts to decrease the makespan value of the feasible solution obtained from the constructive phase by means of balancing as well as reducing the load of the different heaters. First, the assignments of pairs of molds without the empty mold are considered for splitting. Secondly, the excess in the heaters load is revised in order to reduce it. The improvement phase finishes when a certain maximum number of iterations has been reached.
Although the order of complexity of the heuristic procedure described above is pseudopolynomial (see A for details), we want to note that it showed very fast execution times in the numerical experiments carried out and reported in Section 4.
Hybrid optimization procedure
The hybrid optimization procedure (HOP) suggested for the tire scheduling problem stated at the beginning of Section 2 consists of solving the MILP formulation of (1) -(21), using as THB value the makespan of a given feasible solution. The feasible solution is that obtained from the heuristic procedure of Section 3. First, the heuristic procedure is executed for obtaining an initial feasible solution of the problem, which in addition is considered as candidate for global solution. The makespan of the candidate solution is then set as the value for the THB parameter of the MILP, and a MILP solver is invoked for obtaining an optimized solution, if it is possible. The procedure returns the solution with the minimum makespan obtained.
The hybrid optimization procedure (HOP): 
Numerical experimentation
Here we present the numerical experiments carried out in order to evaluate the hybrid approach proposed for the tire curing scheduling problem at FunsaCoop. In order to perform this evaluation, the MILP formulation of Section 2 using the THB of (22) is used as a baseline. The results of this formulation are then compared against the hybrid optimization procedure (HOP) presented in Section 3.2.
Instances description
Three scenarios were defined in order to cover different sizes of instances as well as different degrees of resolution complexity. Each scenario is composed by fifteen instances generated randomly from real life data provided by FunsaCoop. The demand values for each type of tire were generated uniformly within an interval between −20% and +20% from a demand baseline according to the tire type and instance size scenario. From this procedure, in the case of the scenario of small instances S01 to S15, the demand values generated are in the range [22, 595] . For the scenario of medium size instances M01 to M15, the values are in the range [111, 3012] , and for the large instances L01 to L15, the range is [1619, 7147] . For all the scenarios, the number of molds type and heaters is in the set {5, 7} and {7, 12}, respectively. The following sets of compatible molds with each other are considered: {1, ..., 5}, {6, 7} and {8, 9}. The moldheater combinations allowed are as follows: molds in {1, ..., 5} with heaters in {1, .., 7}; molds in {6, 7} with heaters in {8, 9, 10}; and molds in {8, 9} with heaters in {11, 12}. The duration of a period is assumed equal to 1440 minutes (24 hours). The values of the time to place a mold in a heater are in the set {41.6, 60.6, 66.8} (minutes) and the times to remove a mold from a heater are in the set {25.2, 44.9, 62.2}. The times considered for the tire curing are in the set {12.5, 18, 26, 30, 40, 42, 53, 55} (minutes) . A single unit per mold type is considered for the small instances; two units for medium size instances; and two, ten or fifteen units for the large instances. Two different mold shared parts are considered. For all the scenarios, molds 1 and 2 share a single unit of part 1. In addition, for the large instances molds 3 and 4 share two units of a single unit of part 2.
The full instances, as well as other useful information, are available at https://www.fing.edu.uy/inco/investigacion/proyecto/Funsacoop.
Computational results
The model provided in Section 2 was coded in AMPL and solved using CPLEX 12.6.0.0 with running time limited to 3600 seconds (1 hour). The heuristic procedure described in Section 3.1 was developed in Java 8. For managing the execution of parallel threads, the library Threadly (https://github.com/threadly/threadly) was used. The number of total iterations was set to 100, 250 and 500, for small, medium and large instances, respectively. All the numerical experiments were executed in a laptop Intel Quad-Core 3.0Ghz with 16GB of RAM and Windows 10.
Results are reported in Tables 1, 3 and 5. The first column of the tables shows the name of the instance. The second column shows the time horizon bound, THB, computed by means of formula (22) discussed at the end of Section 2. Columns three to five correspond to the makespan value, the duality gap and the execution time obtained from CPLEX solver for the MILP of Section 2 using the THB of (22). Column six shows the makespan value obtained with the heuristic procedure proposed in Section 3.1. Finally, columns seven to nine correspond to the makespan value, the duality gap and the execution time obtained from the hybrid optimization procedure of Section 3.2. The running time of the heuristic procedure is not reported since it was less than 2 seconds for all instances. In addition, we point out that the cases where the duality gap value of columns four and eight is positive and the running time reported is less than the imposed limit of 3600 seconds correspond to situations where the CPLEX solver finished prematurely due to out-of-memory errors.
A relevant information is the size of the MILP instances, which are reported in Tables 2, 4 and 6. The tables include the name of the instances, the THB values, and the number of constraints, binary variables and real variables, both for the MILP formulation with the initial THB value and for the hybrid procedure.
From Table (1) , it can be noted that for the scenario of small instances, both the MILP approach and the hybrid one obtain the optimal makespan in a reasonable computational time. However, we note that on average the hybrid approach is almost five times faster than the basic MILP.
In the case of medium size instances the results of Table ( 3) show that the basic MILP achieves the optimal makespan in 14 of 15 instances. We note that the hybrid approach is able to optimally solve all instances, and that a much lower running time.
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where the basic MILP approach can not find the optimal value, the hybrid approach takes profit of the significantly reduced makespan values obtained by Considering the above results, we note that the proposed hybrid approach is able to obtain optimal solutions in the case of small and medium size instances of the tire curing scheduling problem under consideration, with a significntly improved computational performance over the basic MILP approach. In the case of large instances, the proposed hybrid approach also dominates the basic MILP approach. The hybrid approach obtains high quality solutions, and in many cases optimal ones, including some instances where the basic MILP does not reach optimality. The efficiency is also increased, with lower execution times of the solver. From Tables (2), (4) and (6), we can note that the number of constraints and variables is much lower in the hybrid approach than in the initial MILP formulation, as a smaller THB value allows to have a more compact formulation. Therefore, the hybrid approach can be applied successfully to the problem in general, and in particular to the case of large instances.
Conclusions
This paper proposes and evaluates a hybrid optimization procedure for a tire curing scheduling problem from an Uruguayan cooperative tire factory. The tire curing is the bottleneck of the production line of the firm, and has an important impact in costs and energy consumption. This is a complex problem, since a limited number of resources as well as different tasks duration must be considered. Nowadays, the scheduling is done by experienced workers with no computational aids. The hybrid approach consists of solving a MILP formulation for the problem using the makespan returned by a heuristic procedure as the planning horizon value. The heuristic is composed by a constructive phase followed by an improvement phase, both embedded in an iterative process in order to find a solution that minimizes the makespan. The MILP formulation introduced in Cancela et al. [2018] and revised here minimizes the makespan, considering features of the curing process under consideration such as allowed combinations of mold-mold and mold-heater, setup and removal times for each type of mold, and limited number of parts, molds and heaters. In order to evaluate the hybrid approach, an extensive numerical experimentation was conducted with instances of different size and based on data from a real case. From the results of the numerical experiments carried out, it can be observed that the hybrid approach is able to find the minimum makespan for most the instances, even the large ones. This is largely due to the fact that the makespan returned by the heuristic allows to significantly reduce the size of the MILP formulation, and to solve it in a reasonable amount of time, achieving optimality for most of the instances. This effect is especially important in the case of large instances, where a non-tight value for the planning horizon can result in an unsolvable model in practice.
Future work includes working closely with Funsacoop in order to implement the resolution methods developed and presented here. In this sense, a software including a practical interface for entering the information and visualizing the scheduling results was developed for the suggested heuristic. Some preliminary experiments carried out show the superiority of the proposed methods against manual made schedules. However, we note that further interaction is needed in order to fully validate the software and implement it in the firm. Despite the good performance observed for the hybrid optimization procedure, it would be interesting to evaluate the impact of using other heuristic procedures for estimating a tight feasible makespan value. Regarding the problem, a possible direction for future research is to study its complexity classification, and to analyze the current MILP formulation in order to explore alternative formulations which could be solved more efficiently. It would be also interesting to extend the work developed here in order to include other particular characteristics of the tire production line at FunsaCoop such as shifts, availability of workers, or distances among heaters, mold depots and storage areas. More in general, it would be also interesting to include other processes of the tire production line, as discussed by for the building stage, or explore opportunities to consider similar production problems involving batch processing of in-progress products, as in Motta Toledo et al. [2016] for a glass container industry and Pérez Perales and Alemany [2016] for a firm of ceramic products.
all the procedures called in the assignment procedure run in O(D) time. In the case of the improvement procedure, the order is O(D 3 ) since for each tuple of a given solution it calls the assignment procedure. Therefore, the order of complexity of the heuristic procedure is O(D 3 ).
